FAMILIES OF CURVES OVER ANY FINITE FIELD 
WITH A CLASS NUMBER GREATER THAN THE 
LACHAUD - MARTIN-DESCHAMPS BOUNDS 
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Abstract. We study and explicitly construct some families of 
asymptotically exact sequences of algebraic function fields. It turns 
out that these families have an asymptotical class number widely 
greater than the general Lachaud - Martin-Deschamps bounds. We 
emphasize that we obtain asymptotically exact sequences of alge- 
braic function fields over any finite field ¥ q , in particular when q 
is not a square and that these sequences are dense towers. 



1. Introduction 

The algebraic properties of algebraic function fields defined over a 
finite field is somehow reflected by their numerical properties, namely 
their numerical invariants such as the number of places of degree one 
over a given ground field extension, the number of classes of its Picard 
group, the number of effective divisors of a given degree and so on. 
When, for a given finite ground field, the sequence of the genus of a 
sequence of algebraic function fields tends to infinity, there exist as- 
ymptotic formulae for different numerical invariants. In [10], Tsfasman 
generalizes some results on the number of rational points on the curves 
(due to Drinfeld-Vladut [13j, and Serre |8j) and on its Jacobian (due to 
Vladut [12], Rosemblum and Tsfasman [7]). He gives a formula for the 
asymptotic number of divisors, and some estimates for the number of 
points in the Poincare filtration. In this aim, he introduced the notion 
of asymptotically exact family of curves defined over a finite field. Let 
us recall this notion in the language of algebraic function fields. 

Definition 1.1. Let F/^q = (Fk/~^q)k>i be a sequence of algebraic 
function fields Fk/¥ q defined over ¥ q of genus = g(Fj t /¥ q ). We 
suppose that the sequence of the genus gu is an increasing sequence 
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growing to infinity. The sequence T '/¥ q is said to be asymptotically 
exact if for all m > 1 the following limit exists: 

P m (F/¥ q ) = lim gm(Ffc/Fg) 
k^+oo g^ 

where B m (F k /¥ q ) is the number of places of degree m on F k /¥ q . 

The sequence (Pi, P2, ■■■■,Pm, •••) is called the type of the aymptotically 
exact sequence T/¥ q . 

Tsfasman and Vladut in [H] made use of this notion to obtain new 
general results on the asymptotic properties of zeta functions of curves. 

Note that a simple diagonal argument proves that each sequence of 
algebraic function fields of growing genus, defined over a finite field 
admits an asymptotically exact subsequence. Unfortunately, this ex- 
traction method is not really suitable for the two following reasons. 
Firstly, in general we do not obtain by this process an explicit asymp- 
totically exact sequence of algebraic function fields defined over an ar- 
bitrary finite field, in particular when q is not a square. Secondely, the 
extracted sequence is not a sufficiently dense asymptotically exact se- 
quence of algebraic function fields defined over an arbitrary finite field, 
namely with a control on the growing of the genus. Let us define the 
notion of density of a family of algebraic function fields defined over a 
finite field of growing genus: 

Definition 1.2. Let T /¥ q = (F k /¥ q ) k >i be a sequence of algebraic 
function fields F k /¥ q of genus g k = g(F k /¥ q ), defined over ¥ q . We 
suppose that the sequence of genus g k is an increasing sequence growing 
to infinity. Then, the density of the sequence T /¥ q is 

d(T/¥ q ) = liminf 

A high density can be a useful property in some applications of se- 
quences or towers of function fields. Until now, no explicit examples 
of dense asymptotically exact sequences T ' j¥ q have been pointed out 
unless for the case q square and type (^/q — 1, 0, • • • ). 

In section 2, we show that we can construct general families, of 
asymptotically exact sequences of algebraic function fields defined over 
an arbitrary finite field ¥ q of type (0, ~(qi — 1), 0, 0, ...) where 
r is an integer > 1. In this aim, we prove the main theorem 12.21 on 
sequences of algebraic function fields such that P r (T /¥ q ) — ~(q — 1). 
We study for these general families the behaviour of the class number 
hk, and we compare our estimation to the general known bounds of 
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Lachaud - Martin-Deschamps. We also study the number of effective 
divisors. 

Next, in section 3, we construct explicit examples of very dense 
asymptotically exact sequences defined over an arbitrary finite field 
F g . For this purpose we use towers of algebraic function fields having 
for constant field extension of a given degree r the densified towers 
of Garcia-Stichtenoth (cf. [5] and [I]). In particular, we construct an 
asymptotically exact tower of algebraic function fields defined over F 2 
with a maximal density . This tower has an interesting application in 
the theory of algebraic complexity [4]. 

2. General results 

2.1. New families of asymptotically exact sequences. First, let 
us recall certain asymptotic results. Let us first give the following result 
obtained by Tsfasman in [TO] : 

Proposition 2.1. Let T '/¥ q = (F k /¥ q )k>i be a sequence of algebraic 
function fields of increasing genus gu growing to infinity. Let f be a 
function from N to N such that f(g k ) = o(log(gk)). Then 

f(9k) 

:i 



1 ^ mB m (F k ) 
limsup — > ^ — < 1. 

Qk ' Q 1 — 1 



g k ^+oo gk m=1 Q ' 

Using this proposition we can obtain the following main theorem: 

Theorem 2.2. Let r be an integer > 1 and J-/¥ q = (Fk/F q )k>i be a 
sequence of algebraic function fields of increasing genus defined over ¥ q 
such that (3 r (T/¥ q ) = ~{qi — 1). Then j3 m (J-'/F q ) = for any integer 
m 7^ r. In particular, the sequence J- '/¥ q is asymptotically exact. 

Proof. Let us fix m ^ r and let us prove that f3 m (T /¥ q ) = 0. We 
use Proposition 12.11 with the constant function f(g) = s = max(m,r). 
Then we get 



1 ^ jBjjFk) 
hmsup — y — - < 1. 

fc^+oo 9k (f - 1 



But by hypothesis 



rB r (F k ) .. rB r (F k ) 
hmsup 7 r = hm 7 = 1. 

g k {q 2 - 1) g k [q-2 - 1) 

Then 

limsup i E mw = lim 1 E iMiii^ , 
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But 

R ( rr, \ (n m — ^\ I ^ n t 




j2 -) D ^^ 



q> - 1 



Hence 



lim 



□ 



Note that for any k the following holds: 

B 1 (F k /¥ q r) = ^2iB i (F k /¥ q ). 

i | r 

Then if p r (F/¥ q ) = - 1), by Theorem O we conclude that 

Pi(J-"/¥qr) exists and that 

P 1 (F/F q r) = (qi-1). 

In particular the sequence J r /¥ q r reaches the Drinfeld-Vladut bound 
and consequently q r is a square. 

If Pi(J r /¥ q r) exists then it does not necessarly imply that fl r (J-'/¥ q ) 

exists but only that lim fc ^ +00 — — mBm Fk Fg exists. In fact, this con- 
verse depends on the defining equations of the algebraic function fields 
F k /¥ q . 

Now, let us give a simple consequence of Theorem | 



Proposition 2.3. Let r and i be integers > 1 such that i divides r. 
Suppose that J r /¥ q = (F k /¥ q ) k >i is an asymptotically exact sequence 
of algebraic function fields defined over ¥ q of type (f3\ = 0, . . . , /3 r _i = 
0, p r = -(<p— 1), fi r+l = 0, . . .). Then the sequence J r /¥ gl = (F k /¥ q i) k >i 
of algebraic function field defined over ¥ q i is asymptotically exact of type 

(A = 0, .., /3 f _! =0,/3r = - l),Pr +1 = 0, . . .). 

Proof. Let us remark that by [9l Lemma V.1.9, p. 163], if P is a place 
of degree r' of F/¥ q , there are gcd((r',z)) places of degree ged ^ r , ^ over 
P in the extension F/¥ q i. As we are interested by the places of degree 
r/i in F/¥ q i, let us introduce the set 

S = {r ; r gcd(r', i) = i r'} = {/; 1cm (r f , i) = r}. 

Then, 

B r/i (F/¥ qi ) = J2— B r'(F/¥ q ). 

r'eS 

We know that all the /3j(F/¥ q ) = but /3 r {F/F q ) = i(g5 - 1). Then 

P r/i {F/F qt ) = ip r {F/F q ), 
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P r/i {F/Wf) = % - ( 9 5 - 1) . 

□ 



2.2. Number of points of the Jacobian. Now, we are interested by 
the Jacobian cardinality of the asymptotically exact sequences J- ' /¥ q = 
(F k /^ q )k>i of type (0, .., 0, ±(g§ - 1), 0, 0). 

Let us denote by h k = h k (F k /¥ q ) the class number of the algebraic 
function field F k /¥ q . Let us consider the following quantities intro- 
duced by Tsfasman in [10J: 



H inf = H inf (F/¥ q ) = liminf — logh k 

k— »+oo g k 

H sup = H sup (F/¥ q ) = limsup — logh k 

k— >+oo Qk 

If they coincides, we just write: 

H = H(F/¥ q ) = lim — logh k = H inf = H sup . 
k^+oo g k 

Then under the assumptions of the previous section, we obtain the 
following result on the sequence of class numbers of these families of 
algebraic function fields: 

Theorem 2.4. Let T '/¥ q = (F k /¥ q ) k >i be a sequence of algebraic func- 
tion fields of increasing genus defined over ¥ q such that (3 r {F /¥ q ) = 
-((p — 1) where r is an integer. Then, the limit H exists and we have: 

1 , u , ^ 



H = H(F/¥ q )= lim — log/i fc = log 



k^+oo g k ( g r _ 



Proof. By Corollary 1 in |10| . we know that for any asymptotically 
exact family of algebraic function fields defined over ¥ q , the limit H 
exists and H = lim fc ^ +00 ^ log h k = log q + Y,Z=i Pm- log Hence, 
the result follows from Theorem 12.21 □ 

Corollary 2.5. Let F/¥ q = (F k /¥ q ) k >i be a sequence of algebraic 
function fields of increasing genus defined over¥ q such that (3 r {F /¥ q ) = 
— 1) where r is an integer. Then there exists an integer k such 
that for any integer k > k , 



h k > q 



in- 
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Proof. By Theorem 12.41 we have \im k ^ +OD (h k ) 3 k = 9L — r — _ But 

(q r -1)7 



> 1, s ^ = ?• 



Hence, for a sufficiently large k , we have for k > k the following 
inequality 

i 

(/i fc ) 9 * > q. 

□ 

Let us compare this estimation of h k to the general lower bounds 
given by G. Lachaud and M. Martin-Deschamps in [6]. 

Theorem 2.6 (Lachaud - Martin-Deschamps bounds). Let X be a 

projective irreducible and non-singular algebraic curve defined over the 
finite field ¥ q of genus g. Let Jx be the jacobian of X and h the class 
number h = |Jx-(F 9 )|. Then 

W ^ L * = ^jM^v 

(2) h>L 2 =(rf-l) 2 

(3) if g > and if Bi(X/W q ) > 1, then the following holds: 
h > L 3 = (qn- l)-^-. 

— o / q+9+gq 

Then we can prove that for a family of algebraic function fields sat- 
isfying the conditions of Corollary 12.51 the class numbers h k greatly 
exceeds the bounds Lj. More precisely 

Proposition 2.7. Let J-f¥ q = {Fk/^q)k>\ be a sequence of algebraic 
function fields of increasing genus defined over¥ q such that (3 r (T /W q ) = 
Hq* — 1) where r is an integer. Then 

(1) for i= 1,3 

hm k ^ +00 — = +oo, 
Li% 

(2) for i = 2 i/ie following holds: 

(a) «/ r>i then 

lim k ^ +00 -^- = +oo, 

-^2 



(b) if r=l then 



hk 

^2 
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Proof. (1) case i — 1: the following holds 



(«+l)(«»+l) «(« + + 1) + 
so, using the previous corollary [2751 we conclude that for k large 



and consequently 



h 

~r> 9k 



hm — = +oo; 



(2) case i = 2: 

(a) case r = 1: in this case, we just bound the number of 
rational points by the Weil bound. More precisely 

L 2 = (q + 1- 2^q) H — < 

9k q~ 1 

, 9 rs q 9h ~ X ~ 1 2q + 2g ky /q 



but for all g > 2 

r 



2-^ -r-^ < 0.4, 



then 



hence 



L 2 < 0.4 f 1 + ^ ] <f fc 
> 2.5 



^2 9k + y/q 

which gives the resul; 
(b) case r > 1: in this case we know that 

Bx(F k /¥ q ) 



But 



lim 1V Kl q > = fciF/Wg) = 0. 



q+l-2^q ^(Ffc/Fj + g-l 



Then 

hk (q - 1)9 9k 



L 2 q + l-2^q B 1 (F k /¥ q ) + q- 1 
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We know that 

9k 



then 



(3) case i = 3: 



*H+c»£i(iyF 9 )+g-l 



hk 

hm — = +oo. 



Ll = (9 ._ 1) _i^_ < ^, 
q + g + gq gk 



then for large 
and consequently 



~r> gk 

J^3 



hm — = +oo. 



□ 



As we see, if .F/F g = (Fk/¥ q )k>i satisfies the assumptions of Theo- 
rem EH we have h k > q 9k > g 9fe-1 for k > k sufficiently large. 
In fact, the value k depends at least on the values of r and q and we 
can not know anything about this value in the general case. 

2.3. Number of effective divisors. We consider now the problem of 
the determination of the zeta-function. It is known that to determinate 
the zeta-function of an algebraic function field of genus g defined over 
a finite field, we just have to study the number Ai of effective divisors 
of degree i for i = 0, ...,g — 1. Let us study the asymptotic situation. 
In this aim, we consider the following asymptotic values defined by 
Tsfasman in [10], where A Mk denotes the number Ai where i the nearest 
integer from fig^: 

A(//) in/ (^ r /F g ) = liminf — logA Mk 

k^+oo gy. 

A(Li) sup (F/F q ) = lim sup — logA M9fc 

k—>+oo gk 

If they coincides, we just write: 

A(/i)(J"/F 9 ) = lim —log Aw = A(//) in/ = A(fi) sup . 

k^+oo g k 

Then, we obtain the following result which gives exponential es- 
timates of the number of effective divisors in the particular case of 
asymptically exact sequences defined previously. 



ASYMPTOTICALLY EXACT SEQUENCES 9 

Theorem 2.8. LetT = (F k /F q ) k >i be a sequence of algebraic func- 
tion fields of increasing genus defined over ¥ q such that (3 r (J-'/¥ q ) = 
-((p — 1) where r is an integer. Then, the limit A(/x) exists. More- 
over, if we set: 

<p — 1 

A'o = — T 

q r — 1 

then for /i > /Jo, we have: 

A(/i)(^/F g ) = log = H - (1 - fi) logg 

and for < /i < /io, 

A(A*)(^/F fl ) = log V ~ r ' ■ 

ga — 1 

More precisely, we have: 

— /02— 1 . it . /(72 — 1 , 1, fa 2 -1) 

^^=(V +l),(l - ( V +1) ' ' 

Proof. It is sufficient to apply Theorem 6 in pi]] or Proposition 4.1 in 
[TT] with the tower .F/Fg = (i^/F^^i. Then, for the last quantity, 
we directly apply Theorem 4.1 in [H] with this same tower F /¥ q . □ 

3. Examples of asymptotically exact towers 
Let us note F 5 2 a finite field with q = p r and r an integer. 

3.1. Sequences .F/F, with /3 2 (F/W q ) = \{q - 1). We consider the 
Garcia-Stichtenoth's tower T over F g 2 constructed in [5|. Recall that 
this tower is defined recursively in the following way. We set F\ = 
F g 2(xi) the rational function field over F g 2, and for i > 1 we define 

F%+i = Fi(zi + i), 
where z i+ i satisfies the equation 



Z i+l + Z i+l ~ X i 1 



with 



2, 



Xi = for % > 2. 

Xi-l 

We consider the completed Garcia-Stichtenoth's tower T\ over F g 2 
studied in [2] obtained from T by adjonction of intermediate steps. 
Namely we have 

Ti : Fi t0 C ■ • • C F ifi C Fi t i C ■ ■ • C F i>s C ■ • • C F ijn _i C F i+1)0 C • • • 
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where the steps F ifi are the steps Fj of the Garcia-Stichtenoth's tower 
and where F i}S (1 < s < n — 1) are the intermediate steps. 

Let us denote by g k the genus of F k in T , by g kyS the genus of F k}S 
in T\ and by Bi(F kjS ) the number of places of degree one of F ktS in T\. 

Recall that each extension F^ s jF k is Galois of degree p s wih full 
constant field ¥ q 2. Moreover, we know by [3j that the descent of the 
definition field of the tower Ti from ¥ q 2 to ¥ q is possible. More precisely, 
there exists a tower T 2 defined over ¥ q given by a sequence: 

T2 '■ Gifi c ■ • ■ c Gi t o c Gi t i c ■ ■ • c Gi^ s c • • • c G^ n ^x c Gi + i^ c • • • 

defined over the constant fied F g and related to the tower 7\ by 

Fk, s = IFq2Gfc iS for all k and s, 

namely F kyS /¥ q 2 is the constant field extension of G kyS /¥ q . Let us prove 
a proposition establishing that the tower T 2 /¥ q is asymptotically exact 
with good density. 

Proposition 3.1. Let q = p r . For any integer k > 1, for any integer 
s such that s = 0, l,...,r, the algebraic function field G k}S /¥ p «n the 
tower T 2 has a genus g(G kjS ) = g k , s with Bi(G ktS ) places of degree one, 
B2{Gk, s ) places of degree two such that: 

(1) Gk C G k , s ^ Gk+i with Gkfi = Gk and Gk+1,0 — G k+ \. 

(2) g(G kyS ) < ^±1) + 1 with g(G k+1 ) = g k+l < q k+1 + q k . 

(3) Bi(G M ) + 2B 2 (G k , s ) > (q 2 - l)q k -y. 

(4) (3 2 {T 2 /¥ q ) = lim 9M . +00 = l {q - 1). 

(5) d(T 2 /¥ q ) = liim_> +00 = ; where g(Gi) and g(G i+ i) denote 
the genus of two consecutive algebraic function fields in T 2 . 

Proof. The property 1) follows directly from Theorem 4.3 in [3]. More- 
over, by Theorem 2.2 in |2j, we have g(F kyS ) < g ^*L + /^ +l with g(F k+ i) = 
gt+i < g fe+1 +g fc . Then, as the algebraic function field F fc s is a constant 
field extension of G kyS , for any integer k and s the algebraic function 
fields F kyS and G kyS have the same genus. So, the inequality satis- 
fied by the genus g{F kyS ) is also true for the genus g(G kyS ). Moreover, 
the number of places of degree one Bi(F kyS /¥ q 2) of F kyS /¥ q 2 is such 
that Bi(F k ^ s /¥ q 2) > (q 2 — l)q k ~ 1 p s . Then, as the algebraic function 
field F kyS is a constant field extension of G kyS of degree 2, it is clear 
that for any integer k and s, we have B 1 (G kyS /¥ p ) + 2B 2 (G kyS /¥ p ) > 
(q 2 — l)q k ~ 1 p s . Moreover, we know that for any integer k > 1, the 
number of places of degree one Bi(G kyS /¥ q ) of G kyS /¥ q corresponds at 
most to the number of places of degree one Bi(F k ^ s /¥ q 2) of F ktS /¥ q 2 
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which are totally ramified in the tower T\ by [5]. Hence, for any in- 
teger k and s, we have Bi(G k:S /¥ q ) < q + 1 and so (5x{T 2 /¥ q ) = 0. 
Moreover, B 1 (G k , a /¥ q ) + 2B 2 {G k , s /¥ p ) = Bx(F k j¥ q2 ) and as by [5], 
Pl(Ti/¥ q 2) = A(q 2 ), we have (3 2 {T 2 /¥ p ) = \{q - 1). 

□ 

3.2. Sequences .F/F, with /5 4 (JT/F ? ) = \(q 2 - 1). 

3.2.1. The descent on the definition field ¥ p of a Garcia- Stichtenoth 
tower defined over ¥ q 2 . Now, we are interested in searching the descent 
of the definition field of the tower 7\ from ¥ q 2 to ¥ p if it is possible. 
In fact, we can not establish a general result but we can prove that it 
is possible in the case of caracteristic 2 which is given by the following 
result. 

Proposition 3.2. Let p = 2. If q = p 2 , the descent of the definition 
field of the tower T x from ¥ q 2 to ¥ p is possible. More precisely, there 
exists a tower T3 defined over ¥ p given by a sequence: 

T3 = Hifl C Hx,\ Q H 2 fl C L\ 21 ^ ••• 
defined over the constant fied ¥ p and related to the towers 7\ and T 2 by 

F k<s = ¥ q 2H k ^ s for all k and s = 0,1, 

Gk, s = ¥ q Hk, s for all k and s = 0,1, 

namely F ktS /¥ q 2 is the constant field extension of Gk, s /¥ q and H ktS /¥ q 
and Gk, s /¥ q is the constant field extension of H k ^ s /¥ p . 

Proof. Let X\ be a transcendent element over F 2 and let us set 

Ht = ¥ 2 { Xl ), G x = F 4 (x 1 ), F x = ¥ l6 { Xl ). 

We define recursively for k > 1 

(1) z k+1 such that 4+i + z k+i = x k , 

(2) t k+1 such that t 2 k+1 + t k+1 = x\ 

(or alternatively t k +x = z k+1 (z k+1 + 1)), 

(3) x k = z k /x k -x if k > 1 (xx is yet defined), 

(4) H kjl = H kt0 (t k+1 ) = H k {t k+ x), H k+1 fi = H k+ i = H k (z k+ x), 
G k) x = G k fi(t k+ i) = G k (t k+ i), C7fc + i 5 o = G k+ x = G k (z k+ i), 
Fk,i = F k $(t k+ i) = F k {t k+ x), F k +xfi = F k+ x = F k {z k+ x). 

By [3], the tower 7\ = (F k ,i)fc>i,i=o,i is the densified Garcia-Stichtenoth's 
tower over F 16 and the two other towers T 2 and T 3 are respectively the 
descent of Tx over F 4 and over F 2 . □ 
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Proposition 3.3. Let q = p 2 = 4. For any integer k > 1, for any 
integer s such that s = 0, 1,2, the algebraic function field H ktS /¥ p in 
the tower T 3 has a genus g(H kjS ) = gk,s with Bi(H kiS ) places of degree 
one, B 2 (H ktS ) places of degree two and B^H^^) places of degree 4 such 
that: 

(1) H k C H k , s Q H k+ i with H kfi = H k . 

(2) g(H kyS ) < ^til + 1 mth g( Hk+1 ) = g k+1 < q k ^ + q k . 

(3) 5i(# fe)S ) + 2B 2 {H Ks ) + 45 4 (# fc , s ) > (q 2 - l)g^V . 

(4) fc(T 3 /W p ) = lim gfciS _ +QO B4( ^; /Fp) = K^ 2 - !)• 

(5) d(T 3 /F p ) = lim^ +00 = § where g{H{) and g(H l+1 ) de- 
note the genus of two consecutive algebraic function fields in 

Proof. The property 1) follows directly from Proposition l3.21 Moreover, 
by Theorem 2.2 in [2], we have g(F ktS ) < + 1 with g{F k+1 ) = 

9k+i < q k+1 + q k . Then, as the algebraic function field s is a constant 
field extension of H k s , for any integer k and s the algebraic function 
fields F k s and H k s have the same genus. So, the inequality satisfied 
by the genus g(F ktS ) is also true for the genus g(H kyS ). Moreover, the 
number of places of degree one Bi(F kjS /¥ q 2) of F ktS /¥ q 2 is such that 
Bi(F kjS /¥ q 2) > (q 2 — l)q k ~ 1 p s . Then, as the algebraic function field F kyS 
is a constant field extension of H k>s of degree 4, it is clear that for any 
integer k and s, we have B x {H k ^/¥ p ) + 2B 2 (H k>s /¥ p ) + AB A (H k}S /¥ p ) > 
(q 2 — l)q k ~ l p s . Moreover, we know that for any integer k > 1, the num- 
ber of places of degree one Bi{G k ^ s /¥ q ) ofG k;S /¥ q corresponds at most 
to the number of places of degree one Bi(F ktS /¥ q 2) of F kyS /¥ q 2 which 
are totally ramified in the tower Ti by [5J. Hence, for any integer k 
and s, we have Bi{G kyS /¥ q ) < q + 1 and so (3\{T 2 /¥ q ) = 0. Then, as 
the algebraic function field G k<s is a constant field extension of H ktS of 
degree 2, it is clear that for any integer k and s, we have Bi(H k s /¥ p ) + 
2B 2 (H k j¥ p ) < B 1 (G kiS /¥ q ) and so A(T 3 /F p ) = (3 2 (T 3 /¥ P ) = 0. More- 
over, B^H^/Yp) + 2B 2 (H k j¥ p ) + AB 4 (H k j¥ p ) = B^JW^) and 
as by 0, A(Ti/F,2) = A(q 2 ), we have (3 A {T 3 /¥ P ) = A(p 4 ) =p 2 -l. 

□ 

Corollary 3.4. Let T 3 /F 2 = (H k)S /¥ 2 ) kE ^ )S =o,i,2 oe the tower defined 
above. Then the tower T 3 /F 2 is an asymptotically exact sequence of 
algebraic function fields defined over ¥ 2 with a maximal density (for a 
tower). 



Proof. It follows from (jlj) of Proposition 13.11 



□ 
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